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Rolling cart stabilization for the inverted double pendulum in analog to
the  usual  system  of  the  inverted  pendulum  is  explored.  An  appropriate
linearization for the equations of motion near equilibrium is noted, and
a  proportional  derivative  controller  is  developed.  This  system  is  run
from many initial conditions through many time steps to generate multi-
ple  time  series  of  algorithm  response  to  the  imbalanced  system.  These
time  series  are  repurposed  as  a  list  of  associations  and  used  as  a  large
training  set  for  an  artificial  neural  network.  When  applied  to  the
inverted double pendulum system, the trained neural network is seen to
provide  much  more  stable  control  than  the  algorithm  from  which  it
was  trained.  It  appears  the  neural  network  learns  predictive  stabiliza-
tion  from  the  training  set  and  is  able  to  react  to  the  system  more
quickly than the algorithm can compute a correction. 
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Motivation1.

Neural networks have been explored as a potential alternative to tradi-
tional  control  systems  extensively  and  for  many  years  [1].  The  most
classic  example  is  the  well-known  model  of  the  inverted  pendulum
[2].  Neural  networks  seem  to  work  as  well  as  an  algorithm,  such  as
proportional derivative or proportional integral derivative, for this sys-
tem  [3].  The  problem  is  studied  so  extensively  that  a  control  system
for  a  single  inverted  pendulum  has  been  built  that  does  not  require
constant feedback [4].

With  this  in  mind,  it  seemed  a  natural  exercise  to  extend  the  net-
work  control  system  to  the  inverted  double  pendulum.  The  extension
of  the  system  presented  by  [5]  from  a  single  to  a  double  pendulum
was  explored;  though  the  depth  of  study  is  not  achieved,  proof  of
concept was sought. The inverted double pendulum has a few interest-
ing properties: it is a system that exhibits chaotic behavior [6], and its
unaltered equations of motion (with respect to any coordinate system)
describe  a  stiff  system  that  is  not  integrable;  however,  near  unstable
equilibrium,  these  equations  of  motion  can  be  completely  linearized.
The  trajectory  of  an  unbounded  double  pendulum  is  shown  in
Figure�1.  Considering  the  linearization  procedure,  the  system  is  only
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studied  with  initial  conditions  within  0.15  radians  of  the  unstable
equilibrium  at  θ  ϕ  0 radians.  The  choice  of  coordinates  is  shown
in Figure 2. 

A  brief  survey  of  the  existing  literature  regarding  this  problem,
such as [7–9], shows that while the system has been examined before,
such  work  has  been  with  regard  to  entire  systems,  including  the  area
far away from equilibrium, or solely with reference to more advanced
controller  types,  for  example,  LQR  and  PID  controllers.  Since  some
control  systems,  for  example,  cruise  control  in  a  motor  vehicle,  are
restorative about an unstable “fixed point” in the system, it seemed a
worthwhile  exercise  to  explore  control  of  the  system  in  a  purely  lin-
earized paradigm, that is, very close to unstable equilibrium. 

Figure 1. Trajectory.

Figure 2. Coordinates.
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The Inverted Double Pendulum2.

The  system  in  which  an  inverted  double  pendulum  is  balanced  on  a
cart that can move backward or forward is unstable. Unlike the mod-
els presented in [7], the controller by which the cart is moved is of the
proportional derivative (PD) type; while this restricts the performance
of  the  controller  far  away  from  equilibrium,  using  a  linear  controller
seems to be more efficient for the specified initial conditions. Since the
system  taken  as  a  whole  is  nonlinear,  this  controller  will  at  best
approximate  a  steady-state  solution  and  is  most  useful  near  equilib-
rium.  This  approach  was  taken  due  to  the  relative  simplicity  of  PD
controllers  compared  to  the  proportional  integral  derivative  (PID)
type.  Under  no  simplifications,  the  system  appears  to  be  insoluble—
the  system  of  equations  of  motion  (equations  (A.1)  through  (A.5))
represents  a  stiff  system  that  does  not  appear  to  be  solvable  by  any
typical analytic or numerical method.

To rectify this problem, it is assumed that each arm of the system is
within  0.15  radians  of  the  equilibrium  position,  θ  ϕ  0 radians,
angles  as  shown  in  Figure  2.  Once  this  assumption  has  been  imple-
mented, first-order expansion terms are used where relevant; that is, θ
may be substituted for sin θ, 1 may be substituted for cos θ, and simi-
lar  substitutions  may  be  made  for  functions  of  ϕ.  Then  considering
proximity to vertical equilibrium, the force terms in the vertical direc-
tion  (from  here  on  the  y  direction)  may  be  safely  ignored  (for  now)
and  the  new  equations  of  motion  (equations  (1)  through  (3))  are
much  more  manageable.  Under  this  linearization,  the  PD  control
model  demonstrates  some  success  in  bounding  the  motion  of  the  free
pendulum. 

Methods3.

As outlined in Section 2, the first step in controlling the double pendu-
lum  is  making  the  necessary  assumptions.  This  system  has  been  ana-
lyzed  in  the  Wolfram  Language,  making  use  of  its  many  numerical
differential  solving  algorithms,  as  well  as  the  more  recent  neural  net-
work  structures.  The  original,  unsimplified  equations  of  motion  are
included  in  the  Appendix,  as  they  are  not  used  directly  to  build  the
controller.

The  assumptions  used  to  simplify  analysis  of  the  system  are:  near
equilibrium sine and cosine terms may be assumed to be equal to the
first  term  of  their  Taylor  expansion,  and  near  equilibrium  torque  on
the topmost pendulum bob occurs as if the rod were rigid. This effec-
tively reduces the system to a one-dimensional problem in the horizon-
tal direction x. 
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The modified equation of motion for the lower pendulum bob: 

x1′′(t) 
m2⨯x2′′(t) +m1⨯g⨯x1(t) + c(t)

m1
. (1)

The modified equation of motion for the upper pendulum bob:

x2′′(t) 
m2⨯g⨯x1′′(t) + c(t)

4

m2
. (2)

The modified constraints on bob motion:

y1(t)  r1 - x1(t),

y2(t)  y1(t).
(3)

The equation describing motion of the cart, c(t) (or xc′′(t)), is very
simple. It depends only on the motion of the lower bob and two exper-
imentally determined constants, α and β. Specifically, 

xc′′(t)  c(t)  -αx1(t) - βx1′(t) (4)

where α  8.7 and β  0.07 in this case.

To  begin,  the  reduced  equations  of  motion  (equations  (1)  through
(3)) are solved with many different initial conditions with a time step

of 1  100 s, for a duration of 100 s. A list of the initial conditions, in

the form they were provided to the algorithm, is provided in the index
as equation (A.6). From these solutions, a set of 110 000 associations
of the form 

x1(t), x2(t), x1′(t), x2′(t) → {xc′(t), xc′′(t)} (5)

is produced. Here is the code used to solve the equations of motion:

Quiet@NDSolve[
{d2x1[t]  x1′′[t], d2x2[t]  x2′′[t], d2xc[t]  xc′′[t], constraints, ICs},
{xc[t], xc′[t], xc′′[t], x1[t], x1′[t], x2[t], x2′[t]}, {t, 0, 100, 0.1}]

Next,  a  neural  network  is  constructed  using  the  Wolfram  Lan-
guage.  This  network  consists  exclusively  of  linear  operation  layers
(DotPlusLayer[s])  and  layers  that  randomly  drop  list  items  to  preserve
the  integrity  of  the  random  sampling  and  verification.  Since  all  the
training  data  comes  from  a  linear  controller,  the  network  of  exclu-
sively linear operation layers will be effective. The code used to build
this network is simple and shown following. 

Here is the code used to build the neural network:

NetBuild  NetChain[
{DotPlusLayer[12], DropoutLayer[0.2]DotPlusLayer[8], DropoutLayer[0.2],

DotPlusLayer[4], DropoutLayer[0.2], DotPlusLayer[2]}, "Input" → 4]

Here  is  the  code  used  to  pull  a  defined  training  set  and  train  the
network,  where  trainingSet  and  validationSet  are  the  sets  randomly
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pulled from data generated by initial conditions:

Net  NetTrain[NetBuild, trainingSet, ValidationSet → validationSet]

Here  is  the  code  used  to  set  the  type  of  association  that  represents
the input and output of the trained network:

Net[{x1(t), x2(t), x1′(t), x2′(t)}]  {xc′(t), xc′′(t)}

The  list  of  associations  is  fed  through  the  neural  network  in  two
random  parts,  a  training  set  and  a  validation  set.  This  takes  about

25�seconds,  with  mean  loss  at  about  1.84⨯10-3.  Then,  starting  with
randomized  initial  conditions  (sufficiently  near  equilibrium),  the
equations of motion are redefined as recursion relations, using output
from  the  neural  network  with  the  current  state  of  the  pendulum  as
input.  These  recursion  relations  bear  a  marked  similarity  to  the
reduced equations of motion. 

The  following  are  the  recursion  relationships  governing  the  output
of the neural network. It is important to note that the net takes in the
horizontal position and velocity of each bob and outputs a vector con-
troller  action.  It  is  used  in  place  of  the  function  c(t).  The  time  steps
are represented by dt and may be defined arbitrarily. 

The  recursion  relationship  that  describes  the  velocity  of  the  lower
bob: 

x1′t + dt  x1′(t) +

m2⨯g⨯x2(t) + Net[{x1(t),x2(t),x1′(t),x2′(t)}][[2]]
4

m1
⨯

dt +
m1⨯g⨯x1(t) + Netx1(t), x2(t), x1′(t), x2′(t)

m1
⨯dt.

(6)

The  recursion  relationship  that  describes  the  velocity  of  the  upper
bob: 

x2′t + dt 

x2′(t) +
m2⨯g⨯x2(t) + Net[{x1(t),x2(t),x1′(t),x2′(t)}]

4
2

m2
⨯dt.

(7)

It  is  important  to  note  that  x10  and  x20  are  provided  to  the  pro-

gram  as  initial  conditions.  The  recursion  relations  take  over  from
there.

The  recursion  relationship  that  describes  the  position  of  the  lower
bob:

x1t + dt  x1(t) + x1′(t)⨯dt. (8)
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The  recursion  relationship  that  describes  the  position  of  the  upper
bob:

x2t + dt  x2(t) + x2′(t)⨯dt. (9)

The following two relationships describe the y position of the bobs:

y1(t)  r12 - x1(t)2 (10)

y2(t)  y1(t) + r22 - x2(t)2 . (11)

The last relationship describes the position of the cart controller:

xct + dt  xc(t) + Netx1(t), x2(t), x1′(t), x2′(t)1⨯dt +
1

2
Netx1(t), x2(t), x1′(t), x2′(t)2⨯dt2.

(12)

Results4.

From  this  simplified  simulation  of  the  inverted  double  pendulum  and
subsequent machine learning simulation, it is shown that a neural net-
work  controller  approaches  a  more  narrowly  bounded  “steady  state”
than its algorithmic counterpart. While it is not necessarily obvious to
see that the machine learning system imposes a much narrower bound-
ary on the horizontal motion of the system, the quantification of such
is  impressive.  Under  a  center  of  mass  analysis  (i.e.,  considering  only
the  position  of  the  center  of  mass  of  the  two  bobs),  the  neural  net-
work  keeps  the  system  constrained  to  a  region  approximately  16.8
times narrower than the PD algorithm, using only the values of maxi-
mum  variation.  While  it  does  not  seem  that  either  method  ever
reaches  an  equilibrium  point,  with  narrower  bounds  this  particular
system  will  more  assuredly  stay  upright.  Furthermore,  a  more
advanced  control  algorithm  could  very  well  produce  better  training
data  and  hence  better  results.  It  seems  the  neural  network  learns  that
change in acceleration is the best way to keep the system upright. This
is seen by noticing motion of the cart in both the algorithmic simula-
tion  and  the  neural  model.  Plots  of  the  motion  of  the  cart  (xc),  the
first and second bobs (x1, x2) and the center of mass (COM) for both
the algorithm and the neural network versus time are included in Fig-
ure 3. It is clear from these plots (though one must examine the scale
on  the  axes)  that  the  cart  moves  much  less  in  the  neural  simulation.
Furthermore,  the  neural  control  cart  changes  direction  frequently  to
correct  for  small  deviations,  while  the  algorithm  control  cart  moves
more  uniformly  and  much  further.  The  motion  of  the  bobs
(represented by Figures 3(b) and 3(c)) looks very similar, but an exam-
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ination of the motion of the COM (Figure 3(d)) shows that the neural
controller  has  less  transient  variation,  and  its  steady  state  is  bounded
more narrowly. 

The  plots  in  Figure  3  demonstrate  algorithm  versus  machine
response on the same time scale, 89.6 seconds (and 128 000 iterations
for  the  network).  Importantly,  the  neurally  controlled  cart  shows
much  less  motion  to  produce  similar  motion  plots  for  both  bobs  and
the COM. 
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Figure 3. Plots.
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If these results can be extended to more common stochastic control
systems such as cruise control or barometric stabilizers, response time
could  be  drastically  reduced  for  a  smoother  functional/tactile  output.
Furthermore,  if  the  results  hold  for  a  general  algorithm  to  network
conversion, a multitude of contemporary computational and response
systems may be greatly improved. 

Conclusion5.

Through linearization, it seems boundaries can be imposed on a natu-
rally  chaotic  and  non-integrable  system.  This  may  have  significant
computational advantages in molecular dynamics and applied statisti-
cal  mechanics,  as  well  as  any  nonphysical  mode  in  which  chaotic
dynamics  are  present.  Specifically,  a  linear  control  model  imple-
mented  via  a  neural  network  is  sufficient  to  restrict  the  range  of  the
chaotic dynamics—that is, near equilibrium, we may use many of the
well-known  and  powerful  techniques  from  linear  control  theory  and
allow a neural network to interpolate a smoother solution to the prob-
lem in the same bounds.

Moreover,  consequences  apply  to  the  concept  of  computational
irreducibility.  This  program  takes  a  fairly  complex  algorithm  with  a
large  number  of  intermediary  computational  steps  and  reduces  the
computational  expense;  instead  of  computing  a  response  to  feedback
at  every  time  step,  the  neural  controller  simply  responds.  It  takes  the
input  data  and  extrapolates  a  response  from  the  training  set,  essen-
tially reducing n computational steps to 2. 

Moving  forward,  this  experiment  could  be  expanded  to  more  con-
troller  types  and  other  systems,  comparing  artificial  neural  network
training  time,  controller  response  time  and  overall  stability.  Simple
controllers under nominal chaotic conditions may be much more effec-
tive  using  these  techniques  to  streamline  programming  and  system
construction. 
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Appendix

Equations of MotionA.

The  following  are  the  original,  unmodified  equations  of  motion  for
the system.

The unmodified equation of motion for the lower pendulum bob in
the x direction: 

x 1′′ (t) 
1

m 1
m c⨯x c′′ (t) cos θ (t) sin θ (t) +m 1⨯r 1⨯θ′ (t)2 sin θ(t) -

m 2⨯r 2 (ϕ′ (t) - θ′ (t))2 sin
ϕ (t) -m 2⨯r 2 (ϕ′′ (t) - θ′′ (t)) sin ϕ (t) +

c (t) + +m 1 g sin θ (t) + d sin θ (t)2 +
n s

r 1
sin θ (t) θ′(t) .

(A.1)

The  unmodified  equation  of  motion  for  the  lower  pendulum  bob  in
the y direction:

y 1′′ (t) 
1

m 1
m c⨯x c′′ (t) cos θ (t)2 +m 1⨯r 1⨯θ′ (t)2 cos θ(t) -

m 2⨯r 2 (ϕ′ (t) - θ′ (t))2 cos
ϕ (t) -m 2⨯r 2 (ϕ′′ (t) - θ′′ (t)) cos ϕ (t) +

c (t) + +m 1 g cos θ (t) + d cos θ (t)2 +
n s

r 1
cos θ (t) θ′(t) .

(A.2)

The  unmodified  equation  of  motion  for  the  upper  pendulum  bob  in
the x direction:

x 2′′ (t) 
1

m 2
c (t) + m c +m 1 r 2⨯ (ϕ′′ (t) - θ′′ (t))

sin ϕ (t) + + m c +m 1 r 2⨯ (ϕ′ (t) - θ′ (t))2 sin

ϕ (t) +m 2⨯g sin ϕ (t) + +d sin ϕ (t)2 +
n s

r 1
cos ϕ (t) ϕ′(t) .

(A.3)

The  unmodified  equation  of  motion  for  the  upper  pendulum  bob  in
the y direction:

y 2′′ (t) 
1

m 2
c (t) + m c +m 1 r 2⨯ (ϕ′′ (t) - θ′′ (t))

cos ϕ (t) + + m c +m 1 r 2⨯ (ϕ′ (t) - θ′ (t))2 cos

ϕ (t) +m 2⨯g cos ϕ (t) + +d cos ϕ (t)2 +
n s

r 1
sin ϕ (t) ϕ′(t) .

(A.4)

Constraints on the positions of the bobs that require consistency with
connection via rigid rods:

x1(t)2 + y1(t)2  r12

x2(t) - x1(t)2 + y2(t) - y1(t)2  r22.
(A.5)
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The  following  are  sets  of  initial  conditions  used  to  develop  the
training and validation sets for the neural network: 

xc0  0, xc′0  0, x10  0, x1′0  0,

x20  5
100

, x2′0  0

xc0  0, xc′0  0, x10  5
100

, x1′0  0,

x20  0, x2′0  0

xc0  0, xc′0  0, x10  -
5

100
, x1′0  0,

x20  0, x2′0  0

xc0  0, xc′0  0, x10  5
100

, x1′0  5
100

,

x20  0, x2′0  0

xc0  0, xc′0  0, x10  0, x1′0  0,

x20  5
100

, x2′0  0

xc0  0, xc′0  0, x10  0, x1′0  0,

x20  -
5

100
, x2′0  5

100


xc0  0, xc′0  0, x10  5
100

,

x1′0  0, x20  5
100

, x2′0  0

xc0  0, xc′0  0, x10  -
5

100
,

x1′0  0, x20  5
100

, x2′0  0

xc0  0, xc′0  0, x10  -
5

100
, x1′0  5

100
,

x20  5
100

, x2′0  0

xc0  0, xc′0  0, x10  -
5

100
, x1′0  0,

x20  5
100

, x2′0  5
100



xc0  0, xc′0  0, x10  -
5

100
, x1′0  5

100
,

x20  5
100

, x2′0  -
5

100


(A.6)

where  xc(t)  is  the  position  of  the  cart  controller, x1(t)  is  the  position
of  the  lower  bob  and  x2(t)  is  the  position  of  the  upper  bob.  The
primed terms are the respective velocities.
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