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This  paper  deals  with  synthesizing  control  laws  by  means  of  analytic
programming (AP) for the Hénon map, which is a discrete chaotic sys-
tem.  The  tool  for  symbolic  regression  is  used  for  stabilizing  the  stable
state  and  higher  periodic  orbits,  which  represent  oscillations  between
several values of a chaotic system. For experimentation, the self-organiz-
ing migrating algorithm (SOMA) is used with AP and differential evolu-
tion (DE) is used as the second algorithm for meta-evolution.

1. Introduction

There is  a  growing interest  about the interconnection between evolu-
tionary  techniques  and  controlling  chaotic  systems.  The  first  steps
were made in [1–3], where the control law was based on the Pyragas
method,  which  is  also  called  extended  time  delay  auto  synchroniza-
tion  (ETDAS)  [4].  These  papers  were  concerned  with  tuning  several
parameters  inside  the  control  technique  for  chaotic  systems.  This  re-
search  showed  the  possibility  for  generating  the  whole  control  law
(not only optimizing several parameters) for the purpose of stabilizing
a  chaotic  system.  The  control  law  synthesis  is  inspired  by  Pyragas’s
time delay auto synchronization (TDAS) and the ETDAS [5, 6].

Analytic programming (AP) is used in this research. AP is a super-
structure  of  evolutionary  algorithms  and  is  used  for  synthesizing  an
analytic  solution  according  to  the  required  behavior.  A  control  law
from the proposed system can be viewed as a symbolic structure that
can  be  synthesized  according  to  the  requirements  for  stabilizing  the
chaotic system. The advantage is that it is not necessary to have some
“preliminary”  control  law  and  to  only  estimate  its  parameters.  This
system  will  generate  the  whole  structure  of  the  law,  even  including
suitable parameter values.
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This research is an extension of previous work [7] focused on stabi-
lizing the simple p-1 orbit (stable state).

2. Analytic Programming

Basic principles of AP were developed in 2001 [8]. Until then, only ge-
netic programming (GP) and grammatical evolution (GE) existed. GP
uses genetic algorithms (GAs),  while AP can be used with any evolu-
tionary algorithm, independent of the individual representation.

The  core  of  AP  is  based  on  a  special  set  of  mathematical  objects
and operations. The set of mathematical objects is  a set of functions,
operators,  and  so-called  terminals  (also  used  in  GP),  which  are  usu-
ally constants or independent variables. This set of variables is usually
mixed together and consists of functions having different numbers of
arguments.  Because  of  the  variability  of  the  set  content,  it  is  termed
the  general  functional  set  (GFS).  The  structure  of  the  GFS  is  created
by  subsets  of  functions  according  to  the  number  of  their  arguments.
For example, GFSall  is a set of all functions, operators, and terminals;
GFS3 arg  is  a  subset  containing  functions  with  only  three  arguments;
GFS0 arg  represents  only  terminals,  and  so  on.  The  subset  structure
present in the GFS is vitally important for AP. It is used to avoid syn-
thesizing  pathological  programs,  for  example,  programs  containing
functions  without  arguments.  The  content  of  the  GFS  depends  only
on the user. Various functions and terminals can be mixed together.

The second part of the AP core is a sequence of mathematical oper-
ations  that  are  used  for  the  program synthesis.  These  operations  are
used  to  transform  an  individual  of  a  population  into  a  suitable  pro-
gram.  Mathematically  stated,  it  is  a  mapping  from an  individual  do-
main  into  a  program  domain.  This  mapping  consists  of  two  main
parts. The first part is called discrete set handling (DSH) and the sec-
ond is  for security procedures that disallow synthesizing pathological
programs. The method of DSH, when used, allows handling arbitrary
objects  including  nonnumeric  objects  such  as  linguistic  terms  (hot,
cold,  dark,  …),  logic  terms  (True,  False),  or  other  user-defined  func-
tions. In AP, DSH is used to map an individual into the GFS and to-
gether  with  security  procedures  creates  the  mapping  that  transforms
an arbitrary individual into a program.

AP  needs  some  evolutionary  algorithm  that  consists  of  a  popula-
tion of individuals for its execution. Individuals in the population con-
sist  of  integer  parameters,  that  is,  an  individual  is  an  integer  index
pointing into the GFS. Three versions of AP exist: APbasic, without con-
stant estimation; APnf, where estimation is made using a nonlinear fit-
ting package in the Mathematica environment; and APmeta, where con-
stant estimation is made by means of another evolutionary algorithm
(meta implies meta-evolution).
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3. Problem Design

3.1 Selected Chaotic System
The two-dimensional Hénon map was chosen as the chaotic system:

(1)
xn+1 = a – xn

2 + b yn

yn+1 = xn.

The  map  depends  on  two  parameters,  a  and  b,  which  for  the
canonical  Hénon  map  have  values  of  a = 1.4  and  b = 0.3.  For  these
canonical values, the Hénon map is chaotic.

3.2 Control Methods
This work is  focused on explaining the application of AP for synthe-
sizing a whole control law, instead of demanding the tuning of TDAS
or EDTAS method control  laws to stabilize  desired unstable  periodic
orbits (UPOs). In this research, the desired UPOs are p-1 (stable state)
and p-2 (higher periodic orbits resulting in an oscillation between two
values).

Our inspiration for preparing sets of basic functions and operators
for the synthesis of control laws for the p-1 orbit (a fixed point) was
the simpler TDAS control method in its discrete form, given as

(2)Fn = KHxn-m – xnL.
For  the  purpose  of  stabilizing  higher  periodic  orbits,  the  ETDAS

method  was  obviously  an  inspiration  for  preparing  the  sets  of  basic
AP functions  and operators.  The  original  control  method,  ETDAS in
the  discrete  form  suitable  for  the  two-dimensional  Hénon  map,  has
this form:

(3)
xn+1 = a – xn

2 + b yn + Fn,

Fn = K@H1–RL Sn-m – xnD,
Sn = xn + R Sn-m,

where  K  and  R  are  adjustable  constants,  F  is  the  perturbation,  S  is
given by a delay equation utilizing previous states of the system, and
m is the period of the m-periodic orbit to be stabilized. Due to the re-
cursive  attributes  of  delay  equation  S  utilizing  previous  system states
in  the  discrete  ETDAS of  equation  (3),  the  AP dataset  had  to  be  ex-
panded  to  cover  a  longer  system  output  history  (xn  to  xn-9),  which
imitates  the  inspiring  control  method  for  the  successful  control  law
synthesis securing the stabilization of higher periodic orbits.

3.3 Cost Function
The  cost  function  used  is,  in  general,  based  on  searching  for  the  de-
sired stabilized periodic orbit and thereafter calculating the difference
between the desired and actual periodic orbit on the short time inter-
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val  tS  (20  iterations  for  the  p-1  orbit  and  40  iterations  for  the  p-2
orbit) from the point, where the first minimum value of difference be-
tween the desired and actual system output is found. Such a cost func-
tion design should secure the successful stabilization of either the p-1
orbit (stable state) or a higher periodic orbit that is phase shifted. The
CF Basic function has the following form:

(4)CFBasic = pen1 + ‚
t=t1

t2 †T St – A St§,
where TS is the target state, AS is the actual state, t1  is the first mini-
mum  value  of  difference  between  TS  and  AS,  t2  is  the  end  of  opti-
mization  interval  (t1 + tS),  and  pen1 = 0  if  t1 - t2 ¥ tS;
pen1 = 10 * Hti - t2L if t1 - t2 < tS (i.e., late stabilization).

4. Evolutionary Algorithms

This  research  uses  two  evolutionary  algorithms:  self-organizing  mi-
grating  algorithm  (SOMA)  [9]  and  differential  evolution  (DE)  [11].
SOMA is  a  stochastic  optimization algorithm that  is  modeled  on the
social  behavior  of  cooperating  individuals.  DE  is  a  population-based
optimization  method  that  works  on  real-number-coded  individuals.
Both algorithms were chosen because they have the proven ability  to
converge toward the global optimum.

4.1 Self-Organizing Migrating Algorithm
SOMA  works  with  groups  of  individuals  (population)  whose  behav-
ior  can  be  described  as  a  competitive–cooperative  strategy.  The  con-
struction of a new population of individuals is not based on evolution-
ary principles (two parents produce offspring) but on the behavior of
a social group, for example, a herd of animals looking for food. This
algorithm can be classified as a social environment algorithm. Particle
swarm optimization (PSO) can also be classified in the same group of
algorithms,  sometimes  called  swarm  intelligence.  In  the  case  of
SOMA, there is no velocity vector as in PSO; only the position of indi-
viduals in the search space is changed during one generation, referred
to as a migration loop.

The rules  are  as  follows.  In  every  migration loop the  best  individ-
ual is chosen, that is, the individual with the minimum cost value, and
is  called the  Leader.  An active  individual  from the population moves
in the direction toward the Leader in the search space.  At the end of
the  crossover,  the  position  of  the  individual  with  the  minimum  cost
value is chosen. If the cost value of the new position is better than the
cost value of an individual from the old population, the new one ap-
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pears  in  the  new  population.  Otherwise,  the  old  one  remains.  The
main principle is depicted in Figures 1 and 2. For the source codes in
Mathematica, MATLAB, and C++ together with detailed descriptions,
please refer to [10].

HaL HbL
Figure 1. Principle of SOMA, movement in the direction toward the Leader.

Figure 2. Basic  principle  of  crossover  in  SOMA.  PathLength  is  replaced  here
by Mass.
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4.2 Differential Evolution
DE is quite robust, fast, and effective, with the ability for global opti-
mization.  It  does  not  require  the  objective  function  to  be  differen-
tiable,  and  it  works  well  even  with  noisy  and  time-dependent  objec-
tive  functions.  For  a  description  of  the  strategy  DERand1Bin  that  is
used here and all other DE strategies, please refer to [11, 12].

5. Simulation Results

This research uses the APmeta  version. A meta-evolutionary approach
means using one main evolutionary algorithm for the AP process and
a second algorithm for coefficient estimation. The SOMA algorithm is
used for the main AP process and DE is used in the second evolution-
ary  process.  The  EA parameter  settings  for  both  processes  are  based
on numerous  experiments  with  chaotic  systems and simulations  with
APmeta (see Tables 1 and 2).

Parameter Value

PathLength 3
Step 0.11

PRT 0.1

PopSize 50

Migrations 4

Maximum cost function evaluations 5345 

Table 1. SOMA settings for the main AP process.   

Parameter Value

PopSize 40
F 0.8

CR 0.8

Generations 150

Maximum cost function evaluations 6000 

Table 2. DE settings for the secondary evolution.
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Here is the basic set of AP elementary functions:

GFS2 arg ! + , - , ê , * , ^

GFS0 arg ! datan-1 to datan, K Hfor p-1 orbitL,
GFS0 arg = datan-9 to datan, K Hfor p-2 orbitL.

The  simulation  results  in  Table  3  represent  the  best  examples  of
synthesized  control  laws  for  the  p-1  orbit  stabilization  and  Table  4
shows those for p-2 orbit stabilization. The selected simulation results
cover  the  AP  output  representing  the  synthesized  control  law  with
simplification after estimating constants by means of the second algo-
rithm  DE,  corresponding  cost  function  value,  and  average  error  be-
tween actual and required system output.

Figure Synthesized Control Law
Cost Function
Value

Average
Output Error

3(a) Fn
xn xn-1

xn-1H2 xn-xn-1L- xn+0.035

xn-1-xn

1.67ä10-15 8.33ä10-17

3(b) Fn ! -0.850 Hxn-1 - xnL 1.67ä10-15 8.33ä10-17

3(c) Fn ! 1.111 Hxn-1-xnL H0.0112 xn-xn-1 xnL
xn

1.55ä10-15 7.77ä10-17

3(d) Fn ! H-xn-1+xn-0.497L Hxn-xn-1L
xn-1

2 1.67ä10-15 8.33ä10-17 

Table 3. Simulation results for p-1 orbit.  

Figure Synthesized Control Law

Cost 
Function
Value

Average 
Output
Error

4(a) Fn ! 0.524 Hxn-1 + xn - 0.700L 1.40ä10-5 3.50ä10-7

4(b) Fn ! 0.204 xn-8Hxn-4 - xn-3 + 1.880L
µ xn-3Hxn-2 - xnL

1.70ä10-5 4 .26ä10-7

4(c) Fn ! 0.523 Hxn-1 + xn - 0.7L 2.67ä10-5 6.67ä10-7

4(d) Fn ! 0.154 xn-7 xn-3Hxn-2 - xnL 3.04ä10-5 7.60ä10-7 

Table 4. Simulation results for p-2 orbit.

5.1 Stabilization of p-1 Orbit
The simulations depicted in Figure 3 lend weight to the argument that
AP  is  able  to  synthesize  new  control  laws  securing  very  quick  and
precise  stabilization.  The  average  cost  function  value  was
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1.71085ä10-15, the minimal value was 1.33227ä10-15, and the max-
imal value was 4.66294ä10-15. The average error between the actual
and  required  system  output  per  iteration  was  calculated  as  the  cost
function value over 20 iterations.

HaL HbL

HcL HdL
Figure 3. Simulation results showing the best new control laws synthesized for
the p-1 orbit.

5.2 Stabilization of p-2 Orbit
The simulation results depicted in Figure 4 show the ability of AP to
synthesize  new  control  laws  that  quickly  secure  quality  stabilization
for the p-2 orbit, which is otherwise hard to control. The average cost
function value was 0.335833, the minimal value was 1.39845ä10-5,
and  the  maximal  value  was  1.23592.  The  average  error  between  ac-
tual  and  required  system  output  was  calculated  as  the  cost  function
value over 40 iterations.
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HcL HdL
Figure 4. Simulation  results  with  the  best  new  synthesized  control  laws  for
p-2 orbit.

6. Conclusion

This paper deals with synthesizing laws by means of analytic program-
ming (AP) for the stabilization of Hénon maps, which was selected as
an  example  of  a  discrete  chaotic  system.  Obtained  results  reinforce
the  argument  that  AP  is  able  to  solve  this  kind  of  difficult  problem
and  produce  new  synthesized  control  laws  in  a  symbolic  way  to  se-
cure  the  desired  behavior  of  a  chaotic  system.  Precise  and  fast  stabi-
lization lends weight to the argument that AP is a powerful symbolic
regression tool able to strictly and precisely follow the rules given by
a  cost  function  and  synthesize  any  symbolic  formula.  In  the  case  of
this  research,  AP  is  used  to  synthesize  the  feedback  controller  for
chaotic systems. The question of energy costs and more precise stabi-
lization will be included in future research together with the develop-
ment of better cost functions, different AP datasets,  and performance
of  numerous  simulations  to  obtain  more  results  and  produce  better
statistics in order to confirm the robustness of this approach.
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