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Abstract. This paper is devoted to the study of the behavior of a
specific but large class of linear boolean nets . The class is obtained by
fixing the synaptic matrix A, which connects the n neurons, in such a
way that a specific set of n patterns evolves linearly. Our main result
consists of the establishment of connections between the evolution of
the n patterns of the specific set and the evolution of the complete set
of 2n states. In particular, the stable states of the network and their
attraction basins can be obtained from knowledge of the stable states
of the specific set. In addition, we give a rule to store these states, and
to obtain an Associative Memory in computational time (polynomial
in n).

1. Introduction

In previous works [2, 3, 13] a specific class of linear boolean networks was
analyzed. The class was obtained by linearizing the evolution of n states
chosen among the 2n states of the net. It was shown that all the properties
of the net-such as the determination of the attractor states, the computation
of the cardinality of the attraction basins, and so on-can be calculated in
computational time that is polynomial in the number of the neurons of the
net. Furthermore, the class under computation is large enough, as it contains
nn-l synaptic matrices. The aim of this work is to present an algorithm with
which to build the synaptic matrices for this class . The algorithm is recursive,
and gives a rule for changing the coupling coefficients to store the patterns
one at a time.
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In section 2, we define t he class of networks under examination and,
for completness, repor t some results obtained previously. In section 3, we
examine associat ive networks. In sect ion 4, we give t he st ructure of the
synaptic matrices for the class under considerat ion. Section 5 is dedicated to
the presentation of t he algorithm which builds the synaptic matrix.

2. Notation

The Neuronic Equ ations (NE), which describe t he evolut ion of a linear bool
ean net of n neurons [3], can be rewrit ten in vector form as

where a is the signum function

{
I if x> 0;

a [x] = -1 if x < 0; x # 0

A(n x n) is the couplin g coefficients matrix and ~t is the state vector of
the net at the tt h step with components ~f = ±1. The state ~t is one of 2n

possible n-dimensional states whose components are ±1. -
Therefore, by defining the matrix cp(n x 2n

) as the matri x whose columns
are all the possible { states, the NE can be rewritten as

cp' = a[Acp]

The 2n vectors in sp are ordered as follows.

CPk ,h = (_l)l~J l ~ k ~ n 1 ~ h ~ 2n LxJ= m ax int . in x

The order chosen is convenient ; indeed, if we apply t he isomorphism

f : {_~ o
1

to the elements of sp, the first , second , third, . .. , 2nth columns of cp cor
respond respectively to the binary representation of the integers 0, 1, 2, .. . ,
2n - 1. Thus, in the following, the vector ~k or k indicates the state of the
k + 1st column of ip, -

cp' is the matrix whose columns give the one-step evolut ion states . Thus
cp' is obtained from cp through a permutation, possibly degenerat e, of the
columns ip , We have

cp' = cpP

with P(2n x 2n
) a permutation matrix.

We are int erest ed in a subclass of matrices A such that

cp~ = W~ = Acpa (2.1)
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where ttl~ , W6, and ttlo are n x n matrices. If we choose n linearly independent
states to bu ild ttlo, we can invert ttlo to obtain

A = ttl~ ttlo 1 (2.2)

Given ttlo and ttl~, equation (2.2) solves the problem of the synthesis of a
threshold linear net for which equat ion (2.1) is t rue . With this limitat ion ,
t he problem of the dyn amic net st udy, which is NP-complete , can be reduced
to a P-complete problem, (ret aining, nevertheless, the main features of the
model, which can be used in real applicat ions such as that of associat ive
memories).

The most convenient choice of ttlo is to take as its columns the n vectors
Q,1,2,1, . . . ,2n - 2

; for exam ple, for n = 4,

-1
1
1
1

1
- 1

1
1

-;)
The inverse of t his mat rix is very simple; in fact it is, in t he genera l case ,

1 1 1 1 - (n - 3)
- 1 0 0 0 1

-1 1 0 - 1 0 0 1
(2.3)ttlo ="2 0 0 -1 0 1

0 0 0 -1 1

We are interested in networks that act as associative memories. This implies
that the states (columns) in ttl~ are contained in ttlo, that is,

ttl~ = ttloPo (2.4)

where Po is an n x n permutation matrix , possibly degenerate. Keeping in
mind the structure of ttlo, it is evident that in each column of ttl~ there can
be at most one -1, and in its last row all t he elements have value 1.

It is convenient to writ e the n x n permutation matrix Po convent ionally
as a 2 x n matrix:

R - (Q 1 2 1 8 2
n

-
2

) (2.5)
o - 10 11 12 ~ is 12n-2

where the st ates in ttlo are reported in the first row, and the states in
ttl~ in the second. In each column the first element represents the state
at t ime t and the second element t he st ate at t ime t + 1. The states
1o ,11 ,12'~'is , . .. ,12n - 2 are not necessarily distinct. The following conven
t ion is used: The matrix Po is an n x n matrix whose nonzero elements are
(PO)irr, where r = 0, 1,2,4, . . . , 2n- 2 and i r is the value which appears in the
second row of Po (equation (2.5)), corresponding to t he value r in the first
row.

Once the Po matrix is known , all the properties of the net can be com
puted easily. We start by computing the synaptic matrix A.
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ALGORITHM 2.1

Procedure

1) Denote the elements of the matrix A as

ai ,j i , j = 1,2,3, . . . ,n

and the elements in the second row of equation (2.5) as

2) Assign momentarily:

[Pob ,j j = 1, 2, 3, . . . ,n;

ai,j = { 1,
0,

if [Pob ,j+1 = 2i
-

l

i, j = 1, 2, 3, . .. , n - 1
otherwise

ai,n = 1 - (L,'J;;;f ai,j) i = 1,2,3, .. . ,n - 1

3) Set the last row of A equal to [0, 0, . . . , 0, 1]
4) If [Fob,l = 2k- l, k = 1, 2, . .. ,n - 1 in the kth row of the matrix A , for the
first n - 1 elements change every °int o -1 , and every 1 into 0, and assign
ak,n = - (L,'J;;;f ak ,j) - 1.

Algorithm 2.1 computes A. In order to calculate the evolution of any state
~k ' °::; k ::; 2n

-
l

- 1, we proceed as follows. Let ~il" . . ' ~i " 1 ::; s ::; n - 1,
be the states of the bas is <Po such that k = i l + ... + is (~. , . .. , ~. are

- 'l.1 - 1.8

unique). Let ~ . , . .. , ~. be t he corres ponding states of ~. , . . . , ~. in the
- ) 1 - Js - 1.1 - 1.5

next step (jl ' ... , j s are the elements of the second row of Po corresponding
to the posit ions i l , . . . , is of the first row). Some (at most, all) of the ~. ,

-Jh
1 ::; h ::; s, can be equal. Let ~ , . . . , ~ ,r::; s, be the dist inct ~ . ; finally

- X l -Xr - J h

let t he state into which the state Q goes be called ~. . This leads us to
- JO

algorithm 2-.2.

ALGORITHM 2.2

Procedure

If r = 1, then the state ~k goes into ~Xl; otherwise, it goes into the state So,
with

We observe that it is useless to memorize the whole matrix P correspond
ing to t he evolution of all the possible states of the net . In fact we have solved
the problem of the calculus of t he evolution of any state of the net, in t he
minimum possible order of t ime O(n). Therefore, we can greatly increase t he



The Behavior and Learning of a Deterministic Neural Net 511

dimension of the nets because we no longer need to work with an exponential
matrix.

It is useful to note that A is a sparse matrix in this subclass, with at
most 3n - 2 elements . It is therefore possible to use one of the memorization
techniques which are present in the literature.

3. ASSOCIATIVE MEMORIES

The model described in Section 2 can be interpreted as associative memory
[11, 12, 14, 15]. We define a state {k as stable if

(3.1)

An attraction basin is associated with each stable state {k' that is, the
m states {il ' .. . ,{im' m 2: 1 that after a finite number of steps go into {k'
The states ~.. with i j of- k are called transient states. Besides stable and

-'3
transient states, the network can exhibit cycles of several lengths.

A cycleless net is called associative memory; for such nets an input state is
either stable or transient. The number of stable states is called the storage
capacity of the net . It is very important to determine the attraction basin
of each stable state for an associative memory, in order to associate a unique
element with similar states.

Associative memories are characterized by the relation

pk = pk+I

for a certain k, k:S 2n
. The case k = 1:

p=p2 (3.2)

is particularly important, because the transient states of the net become
stable states in one step , making the net very useful. Nets which satisfy
equation (3.2) are called "Instantaneous Associative Memories" (lAM). It
was proved [13] that a model under consideration is an lAM if and only if
Po = pJ. The number of matrices Po for which the relation Po = pJ holds
is "L,J=I (;)jn-j . In particular, from algorithm 2.2, it follows that a state {k'
with k = al + ...+ a r and aj E {I, 2, 4, ... ,2 n

-
2

} , is stable if and only if
all the states ~ . are stable and ~o of- ~ .' As a consequence of the preceding

~J - ":!'o'J

statement, it is evident that if there are r stable states in 'Po , then the number
of stable states of the net is 2r .

The remainder of this section is devoted to computing the cardinality
(that is, the number of states) of the attraction basins of any stable state for
an lAM. We start by giving the following definition.

Definition. The cardinality of the attraction basin of a stable state is the
number of states of the net which go into the attraction basin of that state .
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Subsequently, th e state {k will be denoted by k, and the cardinality of the
state k by cap(k) .

In order to determine th e cardinality of the attraction basin of a st able
state in <po we must consider

1. The behavior of th e state Q, and

2. The number of tim es th e stable state appears in the second row of Po
(see equat ion (2.5)).

We observe that in the notation for Po (see equation (2.5)), th e stable states
of <Po can immediately be determined; in fact , §. E <Po is stable if and only if
is = s.

Initially, we consider the behavior of the state Q, and observe the following
properties.

Property 3.1. Let the state Q be stable. Let a be the number of times in
which the state Q appears in the second row of Po, that is, the numb er of the
states E <Po which go into the attraction basin of Q. Then the cardinality bE
the attraction basin of the state Qis:

cap(Q) = 2"'-1

When Q is transient and belongs to the attraction basin of z.j , if a is the
number of states of <Po which go into the attraction basin of the state z.j

(that is, the numb er of times in which the state z.j appears in the second row
of Po), then the cardinality of z.j is

cap(Z.j) = 2"'-1 (3.3)

The cardinality of the attract ion basin of any other stable state of <Po is
given by Property 3.2.

P r op er t y 3.2. Let z.j be a stable state of <Po . Let 'T]j be the number of
states in <Po which go into its attraction basin. Let a be the number of states
of <Po which go into the attraction basin of Q when Q is stable, or into the
attraction basin of the stable state of the <Po attractor of Q. The cardinality
of the attraction basin of the state z.j is

(3.4)

Finally, we consider the cardinality of th e at t raction basin of a stable
state of <p which is not in <Po. We remember th at a stat e in <p is stable if and
only if it is expressed as sum of stable states of <Po.

Property 3.3. Let k = !h + ...+ Q,r with Q,i E {t ji = 0, . .. , n - 2}. Let
'T]1, . .. ,'T]r be the numb er of states in <Po which go into the attraction basins
of the states Q,1l • . . Q,r, respectively. Let a be the number of states in <Po
which go into the attraction basin of the state Q when Q is stable, or into the
attraction basin of the attractor of Q otherwise. The cardinality of the state
k is

cap(k) = 2"'-1 (n 2"1; - 1)
J= l

(3.5)
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4. The Properties of Matrix A in the Class Po = P:

Keeping in mind algorithm 2.1, it is evident that the class of matrices A
under examination is characte rized by the first n - 1 elements of each row
having values in the sets {O, I} or {O, -I}. To be more specific, there is at
most only one row having elements with values 0 and -1 , the row associated
to the attractor state of the vector Q, when Q is not stable. In addit ion, there
is only one element in each column of A different from zero if t he state Q is
stable, otherwise there are at most two elements different from zero in each
column. Fin ally, there are further restrictions imposed on A, which can be
demonstrated by looking at the last column of A.

case 1: The element ai,n = - k with k E {2, 3, .. . , n - 2}. Then ai,i = 1,
and among the first n - 1 elements of the ith row, k + 1 elements must
be equal to 1, and all the others vanish .

case 2: The element ai ,n = k with k E {2, 3, .. . , n - 3}. Then ai,i = 0, and
among the first n - 1 elements of the ith row, k + 1 elements must be
equal to - 1, and all the others vanish.

case 3: The element ai ,n = O.

a) ai,i = 1 and all others elements ai ,j, j = 1,2 , 3, . . . , n - 1, j i= i,
are equal to zero.

b) ai,i = 0 and only one element ai,j , j = 1, 2, 3, . .. , n - 1, j i= i , is
equal to -1. All the other elements vanish.

case 4: The element ai,n = 1.

a) All the elements of the ith row except ai ,n are zero.

b) ai ,i = 0 and two elements ai ,j , j = 1, 2, 3, . . . , n - 1, j i= i , are
equal to - 1, and the others are zero.

case 5: The element ai ,n = - 1.

a) ai ,i = 1 and one element ai ,j, j = 1,2,3, . . . ,n - 1, j i= i , is equal
to 1; the other elements vanish.

b) All the elements of the it h row except ai ,n are zero.

It is worth not ing that t he numb er of the stable states of the net and
their attractor basins is direct ly connected to the values of the elements in
the last column of A. T his becomes evident if we make the state 2.i -

1 of CPo

correspond to the ith row of A.
Keeping in mind algorithm 2.1, we have the following situat ions, corre

sponding to the cases previously discussed.

case 1, 3a, 5a: The state 2.i- 1 is stable and attracts - ai,n + 1 states of
CPo; explicit ly, the states 2.j - 1 where j is such that ai ,j = 1.
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In each st ep of this rule we elimina te states from the attraction basin of Q to
build the at t raction basin of t he new state.

6. Conclusions

We have st udied in det ail a deterministic neural net . From its properties
we have elicited an algorithm to build the coupling coefficient mat rix and
to store stable states. The computat ional t ime of this algorithm is, in t he
worst case, polynomi al in n (number of neurons). Unlike other associative
learning algorithms, which require retraining of the whole net to modify
stored inform ation, algori thm 5.1 makes it possible to modify stored pat terns
by act ing on only the connect ions of interest. This is a valuable property
that results in cost reductions when, in real applicat ions, stored patterns
become unnecessary and must be changed. It is important to emphasize
that the difference between the net studied in this paper and other models
[10, 12, 15, 16] lies in the fact t hat the patterns which should be stored are
not random, but belong to the class under considera t ion. This facilitates
a large storage capacity and, at same time, makes it possible to store any
st ate. Indeed, any state which is not in the class can be expressed as a
linear combinat ion of states which are in the class. The strength of t his
model is related to problems for which the st ructure of the pattern input
space is known ; for example, linear codes , where the stable states can be
the codewords. The study of other subclasses of this mod el can be found in
[7, 8], with applicat ions to pat tern recognition and associative memories.
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